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ABSTRACT 


This thesis deals with sets of natural 
numbers free from arithmetic progressions of a 
certain length, the starting point being van der 
Waerden's theorem. We attempt to present a systematic 
account of established results and related problems, 
and to compile a comprehensive bibliography. 

In Chapter Three, we prove the following 


new lower bound for the van der Waerden function 


Wek. t)>Ke. © °9 k)® 


where s=[log t/log 2]. This improves existing estimates 
substantially. 

In Chapter Four, we study a related problem 
and prove two new results, which generalize previous 


work done. 
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NOTATIONS 


The usual mathematical symbols will be used 
in this thesis. In particular, ~ assumes the dual role 
of denoting the set-theoretic difference as well as 
the number-theoretic relation of "being asymptotic to". 

As is usual, the letter e« stands for a fixed 
but arbitrary small positive quantity. The letter ec is 
exclusively reserved for constant, either absolute or 
depending on some predetermined quantities. Each 
occurence of € or ec will, and usually does, assume 
different values. 

To facilitate the reading of the text, we 
adopt the following conventions. By an arithmetic 
progression is meant an arithmetic progression with 
distinct terms. The phrase "a subset with n elements" 
is shortened to "an n-subset". 

Other symbols and conventions will be self- 


evident in the text. 
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CHAPTER ONE 
VAN DER WAERDEN’S THEOREM 


Eph 


The starting point of our study is a well- 
known theorem of van der Waerden([37]). "Given natural 
numbers k and t, there exists a natural number W(k,t) 
such that if the sequence of natural numbers 1, 2, 
W(k,t) is divided in any way into k classes, at least 
one of the classes contains an arithmetic progression 
of t+1 terms." 

This theorem originated from the following 
conjecture of Baudet. "Arbitrary partition of the 
sequence of all natural numbers into two classes will 
enforce the presence of arithmetic progressions of any 
prescribed length in one of the classes." 

Artin, Schreier and van der Waerden([38]) 
observed that the number of classes of division need 
not be restricted to two, and that it is not necessary 
to decompose the entire sequence of natural numbers. 
Van der Waerden then proved this generalization by an 
inductive argument on t. 


Other proofs were given by Grtinwald([22]), 
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Witt([40]) and Lukomskaja([16]), but they are not 


essentially different from van der Waerden's proof. 


We first make some trivial observations about 
the van der Waerden function W(k,t). It is clear that 
for all k ‘ane: 

W(kK,1)=k+1 
Wels c) =Crd 
W(K, t) sW(kt+1, t) 
WOK EP SWCR, OFT) 
Simple experimentation reveals that W(2,2)=9. 

Ideally we would like to have a general 
formula for W(k,t), or alternatively some relations 
which would define W(k,t) recursively. No progress has 
been made in this direction. In fact, it is extremely 
doubtful whether such general formula or recurrence 
relations exist. 

It should also be mentioned that the problem 
of finding upper bounds for W(k,t) is almost hopeless. 
Theoretically, every proof of van der Waerden's theorem 
furnishes an upper bound for W(k,t), and conversely 
every upper bound for W(k,t) found constitutes a proof 
of van der Waerden's theorem. However, the upper bounds 


known to date are so large that they are practically 
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useless. They are not even expressible in terms of the 
elementary functions. As an illustration, while we 
know that W(2,2)=9, van der Waerden's proof yields a 


bound which gives W(2,2)<69. 


There are two main streams of research 


concerning the function W(k,t). 


(i) Determining individual values of W(k,t). 


The only non-trivial values of W(k,t) known 
are W(2,38)=85([32]) and W(3,2)=27([{7],[8]). The last 
value prompted Chvatal to conjecture that Wek, 2)=3". 

These values are determined via computer 
facilities. A natural number 7 such that n<W(k,t) is 
first chosen. All possible partitions of the sequence 
Ofenatural>nunbersi].,. 2, ..tc65.7) anto kK -classes are 
examined. If for every partition one class contains an 
arithmetic progression of t+1 terms, then W(k,t)=n. 
Otherwise n is replaced by n+1 and the process is 
repeated. 

The initial choice n=2 is always valid. 
Occasionally, mathematical arguments may furnish a non- 
trivial value. Employing quadratic residues, Folkman 


({5]) showed that W(2,3)234. Similar technique can be 
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applied for other cases, but no general formulation 


is known. 


(ii) Finding lower bounds for W(k,t). 
The first non-trivial lower bound is due to 
Erdos and Rado([12]): 
Wek, t)>(2tk?)? 
They used a simple counting argument. The result is 


fairly weak. By a difficult and ingenious improvement 


of their method, Schmidt([33]) obtained: 


ak 
2 


For the case k=2, Berlekemp([5]) established, by 
constructive argument, the following lower bound: 
(151; w(2,t)>peP 
where p is the largest prime number less than or equal 
to t. The proof is based on the Galois field construction. 
For large t, (1.1) is the best lower bound known. 

On the other hand, if k is large and ¢ is 
small, the above results are all weak compared to: 
(1,2) Wut dete Ace tt! 
This is proved by Moser([20]) using a geometric idea. 
This bound will be superseded by our result in Chapter 


Three. 
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In this section, we digress from the main 
discussion to consider some generalizations of van der 


Waerden's theorem. 


Along the same line as for the well-known 
theorem of Ramsey([23]), we give a more general version 
of van der Waerden's theorem. "Given natural numbers k, 


ti» G — tye there exists a natural number 


Oe 
R(K5tisbos-++st,) such that if the sequence of natural 


MUMDELS 41 5 2a, R(k;t7,¢ -5t,) is divided in any 


g2°° 
way into k classes, there exists at least one t, 1<it<k, 
such that the i-th class contains an arithmetic 
progression of t+] terms." 

This theorem obviously implies van der 


Waerden's theorem. It is also implied by van der 


Waerden's theorem since 


Rigas pein Miter) SW Gkwer 
where Pesiiaaic wee nae nt Clearly the order of the 
t's is immaterial. If tr aty=---=t at, then 

R(K3 ta 5to5+++5b,J=W(k,t) 


An obvious lower bound is given by 
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where t =min{t,,t tt. Nothing much is known about 


Pee 
this’ function. 
Using computer facilities, Chvdtal([7],[8]) 


found the following numbers R(2;t Jes 


12%2 


Another generalization of van der Waerden's 
theorem, due to Brauer([6]), is stated as follows. 
"Given natural numbers k and t, there exists a natural 
number B(k,t) such that if the sequence of natural 
Mug eS, fe eee hat)  LSeaLVLGed in any way anto xk 
classes, at least one of the classes contains an 
arithmetic progression of t+1 terms together with the 
common difference of the progression." 

This statement can easily be deduced from the 
Original theorem by an inductive argument on k. Using 
this new result, Brauer proved that there exists primes 


which have blocks of consecutive quadratic residues and 
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blocks of consecutive quadratic nonresidues of arbitrary 
lengths. 

It is easily seen that for any k and t, 

B(1,t)=W(1,t) 
Bi key td) 2Wiiks t) 
B(k,t)>¢(t+2) "7 
The last inequality was improved by Abbott and Hanson 
({2]) to 
B(k,t)>¢(2tt1) <4 
For t=2,38,4, still better bounds were given: 
B (lac) re (LE BIE ee 
B(k,3)>0(105)*7* 
B(k,4)>0(385)*/? 

It is interesting to note that if t=1, then an 
arithmetic progression of length t+1 together with the 
common difference of the progression constitutes a set 
which contains a solution to the equation x+ty=z, where 
x and y need not be distinct. Thus Brauer's theorem 
contains as a special case a well-known theorem of 


Schur([34]) on sum-free sets. Schur's theorem has been 


intensively studied by Abbott([1]). 


We now consider a result which, though not a 


direct generalization of van der Waerden's theorem, 
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contains the theorem as a corollary. 
Consider the following equation in r unknowns 


e e e 46 + 
aed ae 


(1.3) A Lita oLot...ta,,x =b 


where the a's are non-zero integers and b is any integer. 


Loo x 


Rado([22]) called equation (1.3) k-fold regular if 

there exists a natural number S(k) such that if the 
sequence of natural numbers 1, 2, ..., S(k) is divided 
in any way into k classes, at least one of the classes 
contains ‘a solution to (1.3). Equation (1.3) is called 
regular if it is k-fold regular for every naturai number 
Res 

Rado's regularity theorem is stated as follows. 
"Equation (1.3) is regular if and only if some subset 
OE ethe a's has sums.” 

The regularity of the equation “4-8 ,+x .=0 
implies van der Waerden's theorem for the case t=2. The 
regularity theorem can be extended allowing for the 
replacement of equation (1.3) by a system of linear 
equations. Then van der Waerden's theorem follows from 
the regularity of 


x.-2 =0 


eo aD 
for 1=1,2,...,t-1, where t is a given natural number. 


The regularity of the equation x {tx .-x 2=0 
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implies Schur's theorem. The regularity of other 


equations has been studied by Abbott([1]) and Salie 


([32]). 


Finally, it should be mentioned that Graham 
and Rothschild([{15]) proved a profound generalization of 
Ramsey's theorem([23]) from which van der Waerden's 


theorem and Schur's theorem can be deduced. 
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CHAPTER TWO 
NONAVERAGING SETS 


Sip! 


A concept strongly related to van der 
Waerden's theorem is that of a nonaveraging set. A 
nonaveraging set has been defined as a set of natural 
numbers containing no three elements in arithmetic 
progression. We define a t-nonaveraging set to be a 
set of natural numbers containing no t+i elements 
in arithmetic progression. In the case t=2, we shall 
retain the original terminology of "nonaveraging set". 

Let A be any set of natural numbers and let 
A(n)=|{xeA|x<n}|. Define v.(n)=maxtA(n)}, the maximum 
taken over all t-nonaveraging sets A. When t=2, the 
subscript in v,(n) will be omitted. 

Erdos and Turan were led to the study of 
v,(n) by observing that if one can prove v,(n)sn/k, 
One will obtain the bound W(k,t)<n. Unfortunately, 
this objective has not been achieved except for 


isolated cases. 


As is the case of the function W(k,t), no 
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explicit expression is available for v,(n). However 
upper bounds for v,(n) do exist, and v,(n) satisfies 
the triangle inequality 

v, (mtn) sv ,(m)+v,(n) 
This facilitates immensely the determination of 
individual values of v,(n). The most complete list up 
to date is due to Wagstaff([39]), who computed v(n) 
and v3(n) foransé62;3and vn) for n<31. Previous efforts 
avremperedited tom¢hvatal(1749 181)? Erdos and Turan((14]), 
Makowski([18]) and Riddell([27]). Szekeres conjectured 


that v(4(3"+1))=2". This has been verified for r<¢4. 


The first upper bound for v(n) is due to 
Erdos and Turan([14]). They used a simple elementary 
argument to show that 
(261) vin)<(4/9te)n 
Refining their argument, they obtained 
(2.2) v(n)<(3/8tE)n 

Moser([19]) also used a simple elementary 
argument to show that 
C223) v(n)<2n/5+8 
which improves (2.1). Using a similar but much longer 
argument, Moser improved (2.3) to 


(254) v(n)<4n/11+5 
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which is stronger than (2.2). Furthermore, (2.3) and 
(2.4) have the advantage of being free from ec. 

The best upper bound for v(n) is due to 
Roth([29]), who used analytic methods to obtain 


2) v(n)<en/loglog n 


The first lower bound for v(n) is due to 
Salem and Spencer ([31]) 
(2.6) y(n) >oni7e/2ogtog n 
Behrend([4]) modified their proof and improved the 


result to 
1 
2 
(2.7) Hneresrel aes, n) 


While Behrend's argument is non-constructive, Moser 
({19]) used an elementary method to construct a 


nonaveraging set which also satisfies (2.7). 


For t>3, there are only two known lower 
bounds for v,(n). One of them is due to Rankin([24], 
[26]). Since we shall be quoting his result, we shall 
give a sketch of the proof in the next section. 

The other lower bound is due to Riddell([27], 
[28]), which comes up as a corollary to a slightly 
different problem. 
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the t-nonaveraging subsets of A, there is one of maximal 

cardinality GA). Riddell defined g,(n)=min{G,(A)}, 

the minimum taken over all sets A of n natural numbers. 
He proved that 
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For t=2, he improved the result to 
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For t=3, Erdés and Riddell([{1l]) proved that 
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Erdos conjectured that gy(n)>n 
recently by Szemerédi([1l]). 
Since v,(n)=G,({1,2,...,n}), we have 
v,(n)2g,(n) 
Hence (2.8), (2.9) and (2.10) are also lower bounds for 
v,(n). The result is especially satisfactory when ¢ is 
not too small compared with n. 
Isolated cases are known where v,(nj#g (ni. 
Riddell showed that v(5)>g,(5)([27]) and v(14)>g,(14) 
({11]). It seems unlikely that v(n)=g,(n) for large n, 


but this has not been disproved. 
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Behrend([3]). Let r(t)=Limv,(n)/n. Clearly 0<r(t)<1. 
Behrend showed further that either r(t)=0 for all t or 
Limr(t)=1. 

Erdos and Turan conjectured that r(t)=0 for 
all t. The case t=2 follows from (2.5). Recently, 
Szemerédi([36]) gave an ingenious elementary proof of 
r(3)=0, using an indirect argument. Roth([30]) will 
incorporate Szemerédi's idea into a more analytic proof 
of r(3)=0. The cases t24 remain open. 

It is conjectured by Szekeres that 
Limv(n) /n?~"=0, but this is implied false by (2.6) or 
(2.7). It follows that Szekeres' other conjecture 


mentioned earlier, that v(4(374+1))=2", is also false. 
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The material in this section is extracted 
from a paper by Rankin([26]). In this paper, Rankin 
proved a fairly general result, from which we shall 


infer a lower bound for the function v,(n). 


We first introduce several definitions. 
Throughout this section, let a, b, d, r and t be 
natural numbers and p be a real number such that d<t 
and 0<p<b. 

An ordered set of ¢ r-dimensional vectors 
Lee 1<t<t, with natural numbers as coordinates, will 
be called a set of degree d if the d-th differences 
of the set are all equal and non-zero, ie., if 
; 1) Baae takes the same non-zero value for 

Let A be a set of natural numbers. If no 
ordered t-subset of A is of degree d, then A is said 
to be of type (d,t). A is said to be of type [d,t] if 
A is of type (d* ,t) for every d*<d. 

Denote by B(a,b,p,r) the set of all natural 
numbers x expressible in the form 
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the associated vector. Define the norm of x to be 
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We first prove several lemmas. 


Lemma 1 Suppose t>2d+i1, Boe 


p and {x |1sist} is a set 
of ¢ natural numbers of degree d in B(a,b,p,r). Then 
the associated vectors te acaed form a set of ¢ 
r-dimensional vectors of degree d. 

Proof: The d-th differences of the set {x , } are all 


equal and non-zero. Hence the (d+1)-st differences are 


all zero. We have for 1=1,2,...,t-d, 
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Since vat is in B(a,b,p,r) for 1<i<t-d, we have 
spo fa al for sais Ete Hence 
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Similarly, we have 
d+1 
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Now the (d+1)-st differences of (an are zero. So the 
d-th differences are constant. They cannot be all zero 
as otherwise so would the d-th differences of {a}. 


Hence fa 7} is of degree d.0 


Lemma 2 Let {z,|1<t<t} be a set of t r-dimensional 
vectors of degree d. Then {J#,|?|1st<e} is a set of t 
natural numbers of degree 2d. 


Proof: Since {@.|1<¢<t} is of degree d, all ‘d-th 
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differences of the set are equal and non-zero. By a 
well-known result in numerical analysis(see [21], for 
=> ° ° e 

example), we can express “, as a polynomial in 7 of 
degree d thus 

d 
z=) a tt 

=o 4 
where the a's are constant r-dimensional vectors with 


a #0. Then we can write 


d 
Iz |-=| ) aees 
tL u=0 ¥ | 


This is a polynomial in 7 of degree 2d with leading 
coefficient |Z | °#0. Hence the 2d-th differences of 
aie (ist =e} are all equal and non-zero. Therefore 


this set is of degree 2d.U 


Lemma 3 Let s be a natural number such that t>2°d. Let 
natural numbers hat Da and Por and positive real numbers 


q-1 
p_, 1sqss, be defined such that bar 2e Pg° Let a 
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further natural number a, be defined. Let A be the 
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set ta. }. For g=s,é6-1,./..,1, define Ao to be the 


ea/ 
maximal subset of ER cera ee oon such that the 


associated vectors of its elements have norms in eet 
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BlagsbosPos¥o)- Since we have b,>2 Por we can apply 
Lemmas 1 and 2 again. Repeating this procedure, we 
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A of degree 2°a™. But A. 
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this is impossible. The contradiction shows that A, is 
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Before proving the theorem, we need a further 


result. Consider the equation in r unknowns 
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where x is a natural number and for 0<j<r-1, x is a 


natural number such that ae From the corollary of a 


theorem of Rankin([25]), we deduce that if 350<rsip*/5, 
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We are now ready to state and prove the theorem. 
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though routine, is quite involved. Some of the details 


will be omitted. 


Theorem 1 Let s be a natural number such that t>2°d. 
Let n be a natural number and let N={1,2,...,n}. Then 
there exists a subset A of W of type [d,t] satisfying 
an Lafont-8/ (Log n)8/ (stl) 
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which is (2.17), proving the theorem. 


It should be noted that a set of type [1,¢t] 
or (1,t) is a (t-1)-nonaveraging set. Hence (2.17) 
yields the following lower bound for v,(n). 


(2.36) v,(n)ont-e/ (Log n)8/ (stl) 


where t+1>2°. The optimal choice of s is s=[log t/log 2]. 
When t=2, (2.36) coincides with (2.7). When 

t=3, the same lower bound holds for vz(n). For t2>4¢, we 

get a larger lower bound, since we can take s22 so that 
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CHAPTER THREE 
A NEW LOWER BOUND FOR THE VAN DER WAERDEN FUNCTION 


os 


In this chapter, we obtain a new lower bound 
for the van der Waerden function W(k,t). The main tool 
is the following result which is contained implicitly 
in a paper of Lorentz([17]) in a less general form, in 
connection with a different problem in additive number 


theory. 


Lemma 4(Lorentz's Covering Lemma) Let m be a natural 
number and let W={1,2,...,n}. Let A be a subset of W 


and let z2=|A 


. For any integer \, define A,={atr| ae A} 


and let D,=A,nN. Then there exists a natural number k 


satisfying 
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such that NW is the union of k of the D's. 

Proof: We need only consider \ for which |\|<n, as 

otherwise D,=@. We shall define the numbers i(1), i(2), 
-» ACk) as follows: \X(1)=0, and after the numbers 
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Define the numbers m(z), m(2-1), ..., m(1) as follows: 
m(z) is the least natural number such that |8,|=z2 for 
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Lorentz's Covering Lemma has very wide 
applications. Apart from being featured in Lorentz's 
Original paper, it will form the main line of argument 
in proving our result in the next section. We shall 


appeal to it again in Chapter Four. As is evident, 
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Lorentz's Covering Lemma can be applied to any problem 
which investigates arithmetic properties that are 


preserved under translation. 
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AS 


In one of his papers, Moser([19]) made the 
following remark. "In van der Waerden's theorem, the 
W(k,t) is extremely large, and it was thought that a 
study of v,(n) would yield better bounds for W(k,t). 
Unfortunately this hope has not as yet been fulfilled." 

With the aid of Lorentz's Covering Lemma, 
we are ready to take the first step towards this 
fulfilment. Our result depends heavily on Rankin's 
result (2.36) on t-nonaveraging sets. If a better bound 
LOG v,(n) appears, it can be substituted in our proof 


to yield a better bound for W(k,t). 


Theorem 2 Let t22 be a natural number and let 
s=[log t/log 2]. For any natural number k, we have 
(3.9) a) 4 k)® 

Proof: Throughout the proof, let t, and consequently s, 
be fixed. Let n be a natural number and let 
Nedeicen. <> 3 t's 

Let A be a t-nonaveraging subset of W. We choose A to 
be maximal so that z=|A|=v,(n). Define A, and D, as in 


Lorentz's Covering Lemma. Since arithmetic progressions 


are invariant under translation, each Dy will still ‘be 
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a t-nonaveraging set. 
Let k be the natural number which is obtained as in 
Lorentz's Covering Lemma. We have then partitioned 
into k t-nonaveraging sets. Hence 
C3201 0:) WEKG ton 
Now, from (sil)eut .ollows that 
(Salih) ee 

en(log v,(n)) 
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We observed that es is a decreasing function for 
G2 eeesusing thismmect together with, (2.56) “and (3.11), 
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Now let k be a given natural number. Choose n to be 
the least natural number satisfying (3.1). Then k and 
newrld ‘satisfy, (S210), and) (3%b3)e (Frem this wesget 


(3.9), proving the theorem.[] 


It is obvious that for t24 and k large 
compared to t, (3.9) is a substantial improvement over 
Moser's result (1.2). Even in the cases t=2,3, we are 
able to replace the constant ec obtained by Moser by a 


larger value. 
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CHAPTER FOUR 
RELATED PROBLEMS 


Gur. 


We shall now study a problem first considered 
by Riddell([{27],[28]). Let m, n and t be natural 
numbers satisfying m2n>t2>2. Denote by h(m,n,t) the 
largest natural number with the property that from 
every n-subset of {1,2,...,m}, one can select h(m,n,t) 
numbers no t+1 of which are in arithmetic progression. 
Clearly h(n,n,t)=v,(n). 

Riddell proved that : 

(aay Glo Pee ober aaa n)?-e/log n 

where a21 is a real number. He also proved that if a23 
and n is sufficiently large, then almost all n-subsets 
of {7,2,...,(n-]# hase nonaveraging subset A such that 
(4.2) qt Sheehy (hog n)? 

Riddell's arguments do not generalize to the 
cases t>3. We shall now prove two parallel results 


extended to the general case. 


Theorem 3 Let m2n2>t2>2 be natural numbers and let 


s=[log t/log 2]. Then 
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(4.3) Wal Pans Ode ze m)s/ (stl) 


Proof: Let N={1,2,...,m}. Let A be a t-nonaveraging 
subset of WV. We choose A to be maximal, so that 
z=|Al=v,(n). Define A, and Dy as in Lorentz's Covering 
Lemma. Since arithmetic progressions are invariant under 
translation, each Dy will still be a t-nonaveraging set. 
Let k be the natural number which is obtained as in 
Lorentz's Covering Lemma. We have then partitioned W 
into k t-nonaveraging sets. Now let S be an n-subset 

of W. Then for some 7, 1<jsk, |S0D, (5) |2n/k. Now 

ivr 5 is also a t-nonaveraging set. Hence 
h(m,n,t)2n/k. From (3.12) we have nemo’ ( 409 m) 


s/(st1) 
ne Abe oom) , which is 


s/(st1) 


Hence we have h(m,n,t)>nm 


(4.3) .0 


When t=2, s=1 and our result gives 
Bs 
2 
This is not essentially different from (4.1), but our 


constant e@ is smaller. 


Before proving our next theorem, we need 
introduce the concept of a t-nonaveraging set of 
intervals. Let t and r be natural numbers. By a 


t-nonaveraging set of r intervals we mean a set of 
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intervals Los (ubltesi)y purely) for 1<j<r, where u and 


v are positive real numbers and {55x 92,3 is a 


pe a 
t-nonaveraging set of natural numbers. Let Igy denote 


(ut (ae o-1)0,ut(x.-2) 0) and She denote (ut(ax.-3)v, uta v). 


We now prove several lemmas, which are direct 


parallels of lemmas in Riddell's paper. 


Lemma 5 Let t and r be natural numbers and {I .|1<jsr} 
be a t-nonaveraging set of intervals. Then the union of 
the vas contains no arithmetic progressions of t+1 
poe with terms appearing in more than one of the J's. 
Proof: Suppose there is an arithmetic progression 
{@jsGoo+++5 Ay, 7}. If two of its terms lie in the same 
Tyge then all of the terms must belong to 2% Since the 
common difference of the arithmetic progression is 

less than the distance between the Igase 

Suppose the terms are all in different Desa Say a, in 
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From (4.5), (4.6) and (4.9), we have 
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forms an arithmetic progression. This contradicts the 
assumption that {1 .|1<jsr} is a t-nonaveraging set of 


intervals. Hence the a's cannot appear in more than one 
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Lemma 6 Let ¢ and r be natural numbers and {I .|1sjsr} 

be a t-nonaveraging set of intervals. Let A be a set of 
natural numbers such that Anl #9 fore i<sisri.tihen o 
contains a t-nonaveraging subset of cardinality at 

least [(rt+1)/2]. 

Proof: By Lemma 5, the union of the ies contains no 
arithmetic progressions of t+1 terms with terms appearing 
in more than one of the Ta,’ St A similar statement about 
the union of the I*'s can be proved. 
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the J*'s must contain at least [(rt+i)/2] of these 


numbers. This then is a t-nonaveraging set.{J 


Lemma 7 Let m and d be natural numbers such that med. 

Let W={1,2,...,m}. Let w=m/d and partition W into the 
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which is (4.13), proving the lemma.{] 


Lemma 8 Let ” be a natural number and let Ayia 
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Let m be a natural number such that m>d, and let w=m/d. 
Let N={1,2,...,m} and let it be partitioned into the 
intervals in (4.12). Then almost all n-subsets of WV 
have elements in common with at least [en/(i+te)] of the 


Tieervals. in (4-2). 


Proof: The total number of n-subsets of W is given by 
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On the other hand, the total number of n-subsets of W 
having elements in common with fewer than [en/(1+e)] 

of the intervals in (4.12) is given by b([en/(ite)],n). 
By Lemma 7, we have, with p denoting [en/(ite)], 
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Theorem 4 Let m and » be natural numbers such that 


moni t=, Let W={1,2,...,m}. Let t be a given natural 


number and let s=[log t/log 2]. Then almost all n-subsets 


of W contain a t-nonaveraging subset 4A such that 
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which is (4.17), proving the theorem.( 


If we let t=2, then (4.17) becomes (4.2), 


although again our constant ec is larger. 
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To conclude our study, we review a number of 
other problems related to van der Waerden's theorem. We 
shall not be able to consider all of them. Most problems 


of this type have been reviewed by Erdos([9],[11]). 


Problem (i) Modified van der Waerden function. 

Let t be a natural number and a be a real 
number such that #<a<1. Denote by fF, Ca) the least 
natural number such that if the sequence of natural 
numbers. 15..25° 247 f(a) are divided in any way into 
two classes, there exists an arithmetic progression of 
t+1 terms with a(t+i1) of them belonging to the same 
class. Clearly f,C1)=W(2,t). Erdos([10]) proved, by 
probability methods, that 

f ,(a)>(1te) 7 
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He conjectured that f,(a)<a® Pec rsSsufererently 


closed to #3. 


Problem (ii) Sets free from arithmetic means. 
Straus([35]) defined a nonaveraging set A as 
a set of natural numbers no one of which is the arithmetic 


mean of any subset of 4A with more than one element. To 
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distinguish this meaning from our definition, we call 
such a set S-nonaveraging. 

Let f(n) denote the maximal number of natural 
numbers in a S-nonaveraging subset of {1,2,...,n} where 
nm is any given natural number. Clearly v(n)=f(n). 


Straus proved that 


Nl 


tie oe n) 
On the other hand, Erd6dés and Straus([13]) showed that 
Pia Nene 


Using a recent result of Szemerédi, they improved this 
Le) 
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Straus conjectured that ee meee ee : 


Problem. (117) glattice pointsyon va Senaignty ling. 


Let nm and t be natural numbers. Denote by 
f,(n) the largest natural number such that one can find 
f,(n) lattice points in the n-dimensional cube 


{<#1 52 -,0,>|0sa.<t for 1<i<n}, no t+1 of which are 


go°° 
on a straight line. Clearly ve(ttdi) Jef (nd Moser ([11]) 
showed that 

fy(n)>e8"/¥n 
Riddell([27]) proved that 
f,(n) seve (t41)"™" /¥n 


The two results coincide when t=2. 
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